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Motivation

Construct a concrete categorical model for dynamic lifting.
m Circuit generation time and circuit execution time.

B Dynamic lifting.



Categories for the two runtimes
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m M and Q are symmetric monoidal categories.
m obj(M) = 0bj(Q).

m Q has a coproduct Bit = 7 + 1.

m Q is enriched in convex spaces.

m The functor J is identity on objects and strict symmetric
monoidal.



Modeling dynamic lifting

init

Bool ——— Bit

N \Ldynlift

TBool

m 7 is a commutative monad.



How to combine M and Q?
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Our answer: biset-enrichment

m The category of bisets, i.e., Set®” .

m Objects: (Xo, X1, f).
Xi

I

Xo
m Morphisms: (hg, /7).



The category of bisets: Set*”

m It is cartesian closed, complete and cocomplete.
m Uo(Xo, X1, f) = Xo : Set?” — Set.

m A(X) = (X, X,1d) : Set — Set>”.

mUy4iA
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A commutative monad 7 = A o Uj.



“V-enriched categories

Let V be a monoidal category. A V-enriched category A is given by
the following:

m A class of objects, also denoted A.

m Forany A, B € A, an object A(A, B) in V.

m Forany A € A, amorphismuy : I —» A(A,A) in V.
[

For any A, B, C € A, a morphism
caBc  A(A,B)®A(B,C) = A(A,C) in V.

m u and ¢ must satisfy suitable diagrams in V.



The biset-enriched category C

m 0bj(C) = obj(Q) = obj(M).
m For any A, B € C, the hom-object C(A, B) is a biset:

M(A, B)

\LJAB

Q(A,B)



The biset-enriched category C

A global map f : 1 — C(A, B) is the following.

1 s M4, B)

Ty e

Q(A, B)



The biset-enriched category C

Define C := V", where V = Set®” .
m C is monoidal closed.
m Bit = yBit = C(—, Bit).
m Bool =yl +yl =C(-,I)+C(-,1).
m A commuative ‘V-monad T(F) =T o F.



The biset-enriched category C

C:= VE” where V = Set*” .

init

Bool ——— Bit

R

TBool

Q(_’1)+Q(_’1) — Q(_’I+I)

N l?

Q(_’ I) + Q(_’ I)



The biset-enriched category C

C:= VE” where V = Set*” .

init

Bool ——— Bit

R

TBool

Q(_’1)+Q(_’1) — Q(_’I+I)

N l?

Q(_’ I) + Q(_’ I)

Yoneda embedding does not preserve coproducts!



The subcategory C

m For every V-functor F : C — V € C, there is an ordinary
functor F° : Q — Set

m Define C to be the full subcategory of C, where for every F € C,
the functor F* : Q — Set is product-preserving.

m We call the embedding y : C — C Lambek embedding.

N,

C—C



The subcategory C

C satisfies all the requirements for being a model for dynamic lifting.
m C is a reflective subcategory of C.
m Cis symmetric monoidal closed.
m C has a commutative monad 7.

m C has dynamic lifting morphism dynlift : Bit — TBool.



Thank you!



